We give a stably and retract rational classification of norm one tori of dimension p − 1 where p is a prime number and of dimension up to ten with some minor exceptions.
Introduction
Let k be a field and K be a finitely generated field extension of k. A field K is called rational over k (or krational for short) if K is purely transcendental over k, i.e. K is isomorphic to k(x 1 , . . . , x n ), the rational function field over k with n variables x 1 , . . . , x n for some integer n. K is called stably k-rational if K(y 1 , . . . , y m ) is krational for some algebraically independent elements y 1 , . . . , y m over K. Two fields K and K ′ are called stably k-isomorphic if K(y 1 , . . . , y m ) ≃ K ′ (z 1 , . . . , z n ) over k for some algebraically independent elements y 1 , . . . , y m over K and z 1 , . . . , z n over K ′ . When k is an infinite field, K is called retract k-rational if there is a k-algebra R contained in K such that (i) K is the quotient field of R, and (ii) the identity map 1 R : R → R factors through a localized polynomial ring over k, i.e. there is an element f ∈ k[x 1 , . . . , x n ], which is the polynomial ring over k, and there are k-algebra homomorphisms ϕ : R → k[x 1 , . . . , x n ][1/f ] and ψ : k[x 1 , . . . , x n ][1/f ] → R satisfying ψ • ϕ = 1 R (cf. [Sal84] ). K is called k-unirational if k ⊂ K ⊂ k(x 1 , . . . , x n ) for some integer n. It is not difficult to see that "k-rational" ⇒ "stably k-rational" ⇒ "retract k-rational" ⇒ "k-unirational".
Let L be a finite Galois extension of k and G = Gal(L/k) be the Galois group of the extension L/k. Let M = 1≤i≤n · u i be a G-lattice with a -basis {u 1 , . . . , u n }, i.e. finitely generated [G]-module which is -free as an abelian group. Let G act on the rational function field L(x 1 , . . . , x n ) over L with n variables x 1 , . . . , x n by σ(x i ) = n j=1 x ai,j j , 1 ≤ i ≤ n (1) for any σ ∈ G, when σ(u i ) = n j=1 a i,j u j , a i,j ∈ . The field L(x 1 , . . . , x n ) with this action of G will be denoted by L(M ). There is the duality between the category of G-lattices and the category of algebraic k-tori which split over L (see [Ono61, Section 1.2], [Vos98, page 27, Example 6]). In fact, if T is an algebraic k-torus, then the character group X(T ) = Hom(T, m ) of T may be regarded as a G-lattice. Conversely, for a given G-lattice M , there exists an algebraic k-torus T which splits over L such that X(T ) is isomorphic to M as a G-lattice.
The invariant field L(M ) G of L(M ) under the action of G may be identified with the function field of the algebraic k-torus T . Note that the field L(M ) G is always k-unirational (see [Vos98, page 40, Example 21] ). Tori of dimension n over k correspond bijectively to the elements of the set H 1 (G, GL n ( )) where G = Gal(k s /k) since Aut( n m ) = GL n ( ). The k-torus T of dimension n is determined uniquely by the integral representation h : G → GL n ( ) up to conjugacy, and the group h(G) is a finite subgroup of GL n ( ) (see [Vos98, page 57, Section 4.9])).
Let K/k be a separable field extension of degree n and L/k be the Galois closure of K/k. Let G = Gal(L/k) and H = Gal(L/K). The Galois group G may be regarded as a transitive subgroup of the symmetric group S n of degree n. Let R where R K/k is the Weil restriction (see [Vos98, page 37, Section 3.12]). The norm one torus R (1) K/k ( m ) has the Chevalley module J G/H as its character module and the field L(J G/H ) G as its function field where J G/H = (I G/H ) • = Hom (I G/H , ) is the dual lattice of I G/H = Ker ε and ε : [G/H] → is the augmentation map (see [Vos98, Section 4.8] ). We have the exact sequence 0 → → [G/H] → J G/H → 0 and rank J G/H = n − 1. Write J G/H = ⊕ 1≤i≤n−1 x i . Then the action of G on L(J G/H ) = L(x 1 , . . . , x n−1 ) is nothing but (1).
Let T = R
(1) K/k ( m ) be the norm one torus defined by K/k. Let S n (resp. A n , D n , C n ) be the symmetric (resp. the alternating, the dihedral, the cyclic) group of degree n of order n! (resp. n!/2, 2n, n).
The rationality problem for norm one tori is investigated by [EM75] , [CTS77] , [Hür84] , [CTS87] , [LeB95] , [CK00] , [LL00] , [Flo] , [End11] and [HY17] .
Theorem 1.1 (Endo and Miyata [EM75, Theorem 1.5], Saltman [Sal84, Theorem 3.14]). Let K/k be a finite Galois field extension and G = Gal(K/k). Then the following conditions are equivalent: Let K/k be a finite Galois field extension and G = Gal(K/k). Then the following conditions are equivalent:
Theorem 1.3 (Endo [End11, Theorem 2.1]). Let K/k be a finite non-Galois, separable field extension and L/k be the Galois closure of K/k. Assume that the Galois group of L/k is nilpotent. Then the norm one torus R . Let K/k be a non-Galois separable field extension of degree n and L/k be the Galois closure of K/k. Assume that Gal(L/k) = S n , n ≥ 3, and Gal(L/K) = S n−1 is the stabilizer of one of the letters in S n . Let nT m be the m-th transitive subgroup of S n . There exist 2 (resp. 5, 5, 16, 7, 50, 34, 45, 8) transitive subgroups of S 3 (resp. S 4 , S 5 , S 6 , S 7 , S 8 , S 9 , S 10 , S 11 ) (see Butler and McKay [BM83] , [GAP] ). Let F pm ≃ C p ⋊ C m ≤ S p be the Frobenius group of order pm where m | p − 1.
Theorem 1.7 (Hoshi and Yamasaki [HY17, Theorem 1.10, Theorem 1.14, Theorem 8.5]). Let K/k be a separable field extension of degree n and L/k be the Galois closure of K/k. Assume that G = Gal(L/k) is a transitive subgroup of S n and H = Gal(L/K) is the stabilizer of one of the letters in G. Then stably and retract rational classification of norm one tori T = R (1) K/k ( m ) of dimension n − 1 for n = 5, 6, 7, 11 is given as follows:
(1) The case 5T m (1 ≤ m ≤ 5).
(i) T is stably k-rational for 5T 1 ≃ C 5 , 5T 2 ≃ D 5 and 5T 4 ≃ A 5 ; (ii) T is not stably but retract k-rational for 5T 3 ≃ F 20 and 5T 5 ≃ S 5 .
Theorem 1.8 (see Dixon and Mortimer [DM96, page 99]). Let p be a prime and G ≤ S p be a transitive subgroup.
q−1 , q = l e is a prime power and Theorem 1.9 and Theorem 1.11 are the main results of this paper. Theorem 1.9. Let p ≥ 3 be a prime, K/k be a separable field extension of degree p and L/k be the Galois closure of K/k. Assume that G = Gal(L/k) is a transitive subgroup of S p and H = Gal(L/K) is the stabilizer of one of the letters in G. Then norm one tori T = R (1) K/k ( m ) of dimension p − 1 are retract k-rational and a stably rational classification of T is given as follows:
q−1 and q = l e is a prime power; (8) T is not stably k-rational for PSL 2 ( 2 e ) < G ≤ PΓL 2 ( 2 e ) ≃ PSL 2 ( 2 e ) ⋊ C e where p = 2 e + 1 is a Fermat prime.
Remark 1.10. We do not know whether T is stably k-rational in the case (8) in Theorem 1.9 when G = PSL 2 ( 2 e ) and p ≥ 17. Note that for Fermat primes p = 3 and 5, T is stably k-rational for G = PSL 2 ( 2 e ) by Theorem 1.9 (1), (4) (note that
Theorem 1.11. Let K/k be a separable field extension of degree n and L/k be the Galois closure of K/k. Assume that G = Gal(L/k) is a transitive subgroup of S n and H = Gal(L/K) is the stabilizer of one of the letters in G. Then a stably and retract rational classification of norm one tori T = R (1) K/k ( m ) of dimension n − 1 for n = 8, 9, 10 is given as follows:
(ii) T is retract k-rational for 10T 11 ≃ A 5 × C 2 ; (iii) T is not stably but retract k-rational for 10T 4 ≃ F 20 , 10T 5 ≃ F 20 × C 2 , 10T 12 ≃ S 5 and 10T 22 ≃ S 5 × C 2 ; (iv) T is not retract k-rational for 10T m with 6 ≤ m ≤ 45 and m = 11, 12, 22.
Remark 1.12. (1) In the cases (2)-(ii) 9T 27 ≃ PSL 2 ( 8 ) and (3)-(ii) 10T 11 ≃ A 5 × C 2 in Theorem 1.11, we do not know whether T is stably k-rational.
(2) For the reader's convenience, we note that:
We organize this paper as follows. In Section 2, we prepare some basic tools to prove stably and retract rationality of algebraic tori. We also give known results about rationality problem for algebraic tori, in particular, norm one tori. In Section 3, we will give the proof of Theorem 1.9 and Theorem 1.11 which are main theorems of this paper.
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Preliminaries: rationality problem for algebraic tori and flabby resolution
We recall some basic facts of the theory of flabby (flasque) G-lattices (see [CTS77] , [Swa83] , [Vos98, Chapter 2], [Lor05, Chapter 2], [Swa10] ).
Definition 2.1. Let G be a finite group and M be a G-lattice (i.e. finitely generated [G]-module which is -free as an abelian group). (ii) any Sylow subgroup of G is cyclic or generalized quaternion Q 4n of order 4n (n ≥ 2); (iii) any abelian subgroup of G is cyclic; (iv) H 3 (H, ) = 0 for any subgroup H of G.
Remark 2.11. (1) It is known that each of the conditions (i)-(iv) of Theorem 2.10 is equivalent to the condition that G has periodic cohomology, i.e. there exist q = 0 and u ∈ H q (G, ) such that the cup product map u ∪ − : H n (G, ) → H n+q (G, ) is an isomorphism for any n ∈ (see [CE56, Theorem 11.6]). 
Definition 2.14. Let G be a finite subgroup of GL n ( ). The G-lattice M G of rank n is defined to be the G-lattice with a -basis {u 1 , . . . , u n } on which G acts by σ(u i ) = n j=1 a i,j u j for any σ = [a i,j ] ∈ G.
Lemma 2.15 (see [HY17, Lemma 2.17] ). Let G be a finite subgroup of GL n ( ) and M G be the corresponding G-lattice as in Definition 2.14. Let H ≤ G and ρ H (M H ) be the flabby class of M H as an H-lattice.
Rationality problem for algebraic tori of small dimension. It is easy to see that all the 1-dimensional algebraic k-tori T , i.e. the trivial torus m and the norm one torus R (1)
There are 13 (resp. 73, 710, 6079) -classes forming 10 (resp. 32, 227, 955) É-classes in GL 2 ( ) (resp. GL 3 ( ), GL 4 ( ), GL 5 ( )).
Theorem 2.16 (Voskresenskii [Vos67] ). All the 2-dimensional algebraic k-tori T are k-rational. In particular, for any finite subgroups G ≤ GL 2 ( ), L(x 1 , x 2 ) G is k-rational.
A rational (stably rational, retract rational) classification of 3-dimensional k-tori is given by Kunyavskii [Kun90] (for the last statement, see Kang [Kan12, page 25, the fifth paragraph]).
Theorem 2.17 (Kunyavskii [Kun90] ). Let L/k be a Galois extension and G ≃ Gal(L/k) be a finite subgroup of GL 3 ( ) which acts on L(x 1 , x 2 , x 3 ) via (1). Then L(x 1 , x 2 , x 3 ) G is not k-rational if and only if G is conjugate to one of the 15 groups which are given as in [Kun90, Theorem 1] 
Denote L(M ) = L(x 1 , . . . , x n ) where M is a G-lattice via the action (1). When M is decomposable, we have the following by Theorem 2.8 and Theorem 2.17 (Note that A stably and retract rational classification of algebraic k-tori of dimension 4 and 5 is given as follows:
Theorem 2.20 (Hoshi and Yamasaki [HY17, Theorem 1.9]). Let L/k be a Galois extension and G ≃ Gal(L/k) be a finite subgroup of GL 4 ( ) which acts on L(x 1 , x 2 , x 3 , x 4 ) via (1). (i) L(x 1 , x 2 , x 3 , x 4 ) G is stably k-rational if and only if G is conjugate to one of the 487 groups which are not in [HY17, Tables 2, 3 and 4]. (ii) L(x 1 , x 2 , x 3 , x 4 ) G is not stably but retract k-rational if and only if G is conjugate to one of the 7 groups which are given as in [HY17, Table 2 ]. (iii) L(x 1 , x 2 , x 3 , x 4 ) G is not retract k-rational if and only if G is conjugate to one of the 216 groups which are given as in [HY17, Tables 3 and 4 ]. (ii) L(x 1 , x 2 , x 3 , x 4 , x 5 ) G is not stably but retract k-rational if and only if G is conjugate to one of the 25 groups which are given as in [HY17, Table 11 ]. (iii) L(x 1 , x 2 , x 3 , x 4 , x 5 ) G is not retract k-rational if and only if G is conjugate to one of the 3003 groups which are given as in [HY17, Tables 12, 13 , 14 and 15].
3. Proof of Theorem 1.9 and Theorem 1.11
Proof of Theorem 1.9.
(1) and (2) follow from Theorem 1.2 and Theorem 1.4.
(3) follows from Theorem 1.5. In particular, T is retract k-rational for all the cases in this theorem because [J G/H ] f l is invertible for any transitive subgroup G ≤ S n by Theorem 1.5 and Lemma 2.15 (ii).
(4) follows from Theorem 1.6. For (5) and (6), C 11 ⋊ C 5 ≤ PSL 2 ( 11 ), C 11 ⋊ C 5 ≤ M 11 and C 23 ⋊ C 11 ≤ M 23 are transitive subgroups in S 11 , S 11 and S 23 respectively. Hence we have [J G/H ] f l = 0 for G = PSL 2 ( 11 ), M 11 , M 23 by (2) and Lemma 2.15 (i). For (7), it is enough to show that [J G/H ] f l = 0 for G = PSL d ( q ) (d ≥ 3) by Lemma 2.15 (i). By the following lemma (Lemma 3.1), there exists a subgroup C p ⋊ C d ≤ G which is transitive in S p . Hence we obtain that [J G/H ] f l = 0 by Theorem 1.4 and Lemma 2.15 (i).
For
By Lemma 3.1, we obtain that H 0 ≃ D p and [G 0 : H 0 ] = |G 0 |/|H 0 | = 2 e (2 e − 1)(2 e + 1)/(2(2 e + 1)) = 2 e−1 (2 e − 1). We see that Lemma 3.1. Let d ≥ 2 be an integer, q be a prime power and p = (q d − 1)/(q − 1) be a prime. Let G = PSL d ( q ) be a transitive subgroup of S p , Syl p (G) ≃ C p be a p-Sylow subgroup of G and H = N G (Syl p (G)) be the normalizer of Syl p (G) in G. Then d | p − 1 is a prime and H ≃ C p ⋊ C d is a transitive subgroup of S p of order pd.
Proof.
Step 1: d is a prime. Suppose not. Then d = ab and p = (q ab − 1)/(q − 1) = q ab−1 + · · · + q + 1 = (q (a−1)b + · · · + q b + 1)(q b−1 + · · · + q + 1). Contradiction.
Step 2: p > d. Because q ≥ 2, we have p = q d−1 + · · · + q + 1 > d.
Step 3: gcd{d, q − 1} = 1. Suppose not. Then we have d | q − 1 since d is a prime by Step 1. This implies that q ≡ 1 (mod d) and hence p = q d−1 + · · · + q + 1 ≡ 0 (mod d). But it is impossible because p > d by Step 2 and both p and d are prime numbers by Step 1.
Step 4:
Step 5: |G| p ≡ d (mod p). Define f (X) = d−1 i=1 (X d − X i ) and Φ d (X) = X d−1 + · · · + X + 1. Let ζ d be a primitive d-th root of unity. For a = 1, . . . , d − 1, we have f (ζ a d ) =
This implies that f (X) ≡ d (mod Φ d (X)). By Step 4, specializing X to q, we have |G| p = f (q) ≡ d (mod p) because Φ d (q) = p.
Step 6: |H| ≡ pd (mod p 2 ). Let s be the number of p-Sylow subgroups of G. Note that Syl p (G) ≃ C p because G is transitive in S p . By Sylow theorem and the definition of H = N G (Syl p (G)), we have s ≡ 1 (mod p) and s = [G : H] = |G|/|H|. Hence |H| p ≡ d (mod p) by Step 5. This implies that |H| ≡ pd (mod p 2 ).
Step 7: H ≃ C p ⋊ C d is transitive in S p . From the definition of H, we see that H ≃ C p ⋊ C b for some b | p − 1 and H is transitive in S p . We know that 2 ≤ d < p by Step 2. Hence, by Step 6, |H| = pd and b = d.
Proof of Theorem 1.11.
(1) The case 8T m (1 ≤ m ≤ 50).
(1-1) The case where K/k is Galois:
8T 4 ≃ D 4 and 8T 5 ≃ Q 8 , K/k is a Galois extension. Hence, it follows from Theorem 1.1 that T is not retract k-rational for 8T 2, 8T 3, 8T 4 and 8T 5. By Theorem 1.2, T is stably k-rational for 8T 1.
(1-2) The case where K/k is not Galois: 6 ≤ m ≤ 50. Let L/k be a Galois closure of K/k. If G = Gal(L/k) is a 2-group, then by Theorem 1.3 the flabby class ρ G (J G/H ) = [J G/H ] f l is not invertible and T is not retract k-rational. Hence we assume that G = Gal(L/k) is not a 2-group. Take a 2-Sylow subgroup G 2 of G. Then we see that G 2 is transitive in S 8 and is not cyclic. Then, again by Theorem 1.3, we get the flabby class ρ G2 (J G2/H2 ) is not invertible where H 2 is a 2-Sylow subgroup of H. Hence it follows from Lemma 2.15 (ii) that ρ G (J G/H ) is not invertible and T is not retract k-rational.
(2) The case 9T m (1 ≤ m ≤ 34).
(2-1) The case where K/k is Galois: m = 1, 2. For 9T 1 ≃ C 9 and 9T 2 ≃ C 3 × C 3 , K/k is a Galois extension. Then it follows from Theorem 1.1 and Theorem 1.2 that T is stably k-rational for 9T 1 and T is not retract k-rational for 9T 2.
(2-2) The case where K/k is not Galois: 3 ≤ m ≤ 34. If G = Gal(L/k) is a 3-group where L/k be a Galois closure of K/k, then T is not retract k-rational by Theorem 1.3. Thus we assume that G is not a 3-group. Take a 3-Sylow subgroup G 3 of G. Then we see that G 3 is transitive in S 9 and is not cyclic except for 9T 2 ≃ D 9 and 9T 27 ≃ PSL 2 ( 8 ). Hence T is not retract k-rational as the same to (1) except for 9T 3 and 9T 27. For 9T 3 ≃ D 9 , T is stably k-rational by Theorem 1.4. For 9T 27, using the command IsInvertibleF (Norm1TorusJ(9,27) ), we see that T is retract k-rational (see Example 3.2 below). (We do not know whether T is stably k-rational for 9T 27 ≃ PSL 2 ( 8 ).)
(3) The case 10T m (1 ≤ m ≤ 45).
(3-1) The case where K/k is Galois: m = 1, 2. For 10T 1 ≃ C 10 and 10T 2 ≃ D 5 , K/k is a Galois extension. It follows from Theorem 1.2 that T is stably k-rational for 10T 1 and 10T 2.
(3-2) The case where K/k is not Galois: 3 ≤ m ≤ 45. Case 1: m = 3. For 10T 3 ≃ D 10 , using the command IsInvertibleF (Norm1TorusJ(10,3) ), we see that [J G/H ] f l is invertible and T is retract k-rational. Using the method (Method III) given as in [HY17, Section 5.7], we may take the flabby class F = [J G/H ] f l of rank 13 and construct the isomorphism: [G/C 2 ] ⊕ [G/C 5 ] ⊕ ≃ [G/D 5 ] ⊕ F (see Example 3.2). Hence we conclude that F = [J G/H ] f l = 0 and T is stably k-rational (see also [HY17, Example 5.8]).
Case 2: m = 4, 5, 11, 12, 22. For m = 22, by using the function IsInvertibleF (Norm1TorusJ(10,22) ), we see that [J G/H ] f l is invertible and T is retract k-rational (see Example 3.2). For m = 4, 5, 11, 12, T is also retract k-rational because 10T 4, 10T 5, 10T 11, 10T 12 ≤ 10T 22 and Lemma 2.15 (ii).
For m = 4, 5, using the function PossibilityOfStablyPermutationF (Norm1TorusJ(10,m) ), we get that [J G/H ] f l = 0 and T is not stably k-rational. For m = 12, 22, it follows from Lemma 2.15 (ii) and 10T 4 ≃ F 20 ≤ 10T 12 ≃ S 5 , 10T 5 ≃ F 20 × C 2 ≤ 10T 22 ≃ S 5 × C 2 , T is also not stably k-rational (see Example 3.2). (We do not know whether T is stably k-rational for 10T 11 ≃ A 5 × C 2 .)
Case For m = 6, 7, 8, 10, 18, by using the function IsInvertibleF(Norm1TorusJ(10,m)), we may confirm that [J G/H ] f l is not invertible and T is not retract k-rational.
We give the GAP [GAP] computations of the functions in the proof in Example 3.2 below. Some related programs are also available from https://www.math.kyoto-u.ac.jp/~yamasaki/Algorithm/RatProbAlgTori/.
Example 3.2 (Computations for nT m ≤ S n with n = 8, 9, 10). We give the demonstration of the GAP computations in the proof of Theorem 1.11 (see [HY17, Chapter 5] for the explanation of the functions).
gap> Read("FlabbyResolution.gap"); gap> NrTransitiveGroups(8); 50 gap> t8:=List([1..50],x->TransitiveGroup(8,x));; gap> Sy2t8:=List(t8,x->SylowSubgroup(x,2));; gap> List(Sy2t8,x->Length(Orbits(x,[1..8]))); [ 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,  1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 , 1 ] gap> Filtered([1..50],x->IsCyclic(Sy2t8[x])); [ 1 ] gap> NrTransitiveGroups(9); 34 gap> t9:=List([1..34],x->TransitiveGroup(9,x));;
